We study the scaling behavior of the Lyapunov spectra of a chaotic shell model for 3D turbulence. First, we quantify localization of the Lyapunov vectors in the wavenumber space by using the numerical results. Using dimensional arguments of Kolmogorov-type, we then deduce explicitly the asymptotic scaling behavior of the Lyapunov spectra. This in turn is confirmed by numerical results. This shell model may be regarded as a rare example of high-dimensional chaotic systems for which an analytic expression is known for the Lyapunov spectrum. Implications for the Navier-Stokes turbulence is given. In particular we conjecture that the distribution of Lyapunov exponents is not singular at null exponent. 47.27.Jv, 05.45.+b Typeset using REVT E X 1
numerical results. This shell model may be regarded as a rare example of high-dimensional chaotic systems for which an analytic expression is known for the Lyapunov spectrum. Implications for the Navier-Stokes turbulence is given. In particular we conjecture that the distribution of Lyapunov exponents is not singular at null exponent.
47.27.Jv, 05.45.+b Typeset using REVT E X 1 We consider the behavior of Lyapunov spectra of a Gledzer's type shell model of 3D turbulence [1] . In this chaotic model, a set of complex variables u j , (j = 1, 2, ..., N), which represents the velocity in the shell k j = 2 j−10 , are governed by the following equations of motion:
The coupling constants in the nonlinear terms are assumed as follows to ensure energy conservation:
A number of remarkable properties were revealed by extensive numerical and analytical studies on this model. In particular, for large Reynolds R(= 1/ν) number the solution to this model is generally chaotic [2] [3] and that its energy spectrum satisfies a Kolmogorov's scaling law of realistic turbulence. Other aspects of this model such as intermittency, probability distributions of velocity variables [4] [5] [6] and the effects of extra helicity-like invariant are also discussed [7, 8] .
Because these properties can be achieved with 30-50 degrees of freedom, its detailed study is feasible to explore possible links between the conventional theory of turbulence and the chaotic dynamical systems. One of the most remarkable properties is that the distribution function of Lyapunov exponents λ appears to diverge at λ = 0 in the limit of large Reynolds number. This possibility was pointed out before in [9] using the β− model.
This suggests that the inertial subrange is connected with a large number of (almost) null exponents. Indeed, a correlation between Fourier and Lyapunov indexes was observed in the long-time average of the (squared) Lyapunov vectors. However, neither its relation to the Kolmogorov scaling is left unexplained nor the mechanism of accumulation of null exponents.
In this Letter, we will see that how this characteristic Lyapunov spectrum is related with Kolmogorov's scaling through localization of Lyapunov vectors in the wavenumber space and obtain an asymptotic formula for the Lyapunov exponents.
The equations (1) n be the j−th Lyapunov vector for the n−th Fourier mode (j, n = 1, 2, ...N). We plot in Fig.1 the squared components of the Lyapunov vectors in time average for N = 27:
Note that each Lyapunov vector is normalized as n,j |v
are noted.
1. Each Lyapunov vector has a support localized around a specific wavenumber. To summerize, for 0 ≤ n ≤ D/2, there are two Lyapunov vectors for each n, one corresponding to positive exponent and the other negative. All these features are consistent with the fact that the Lyapunov dimension measures the number of modes below the dissipation wavenumber and that each wavenumber has 2 degrees of freedom, the real and the imaginary parts of the velocity variables.
On the basis of the above observation we will introduce the following set of hypotheses regarding the Lyapunov vectors in the inertial subrange j ≤ D with D ≫ 1. , which is characteristic to wavenumber k n j = k 0 2 n j .
Each Lyapunov vector in
The last hypothesis is equivalent to assume that, through the localization of the Lyapunov vectors in wavenumber space, the Lyapunov exponents can be expressed solely in terms of the energy dissipation rate ǫ and wavenumber k by the dimensional arguments of Kolmogorovtype. Combining these hypotheses, we deduce the following formulae for the Lyapunov exponents λ j :
We rescale the Lyapunov exponent as λ j /H, where H = λ j >0 λ j is the KolmogorovSinai entropy. This is equivalent to choose time τ = at (a = D/2 j=1 λ j ), such that H is normalized. Note that this choice of time neither influences geometric structure of strange 4 attractors nor invariant measures on them. Noting that
we conclude that
Because these expressions are free from arbitrary parameters, we can compare this phenomenological argument against the numerical results.
The Lyapunov spectra were computed for four values of viscosity. In Fig.2 we plot the positive Lyapunov exponents λ j /H against H together with the theoretical curve for D ≪ 1:
which can be obtained from (5) . Note that better agreement is obtained between the phenomenological theory and numerical results for larger N, that is for larger Lyapunov dimensions. In Fig.4 , we plot j i=1 λ i /H and compare with the theoretical prediction
Again, the theoretical prediction agree well with the numerical data and this agreement is better for larger N. Note that this scaling is different from the one proposed in [2] previously.
In Fig.4 we replotted the cumulated Lyapunov spectra using older scaling:
We see sizable scatters in this enlarged figure and conclude that the older scaling is premature.
For the other hand for j > D/2, a rough the agreement is seen between the theory and the numerical results. At present we do not know why the agreement is less clear.
We discuss the implications of the above results for the realistic Navier-Stokes turbulence. Reynolds number is assumed to be so large that the motion we consider is in the inertial subrange. The total number of eddies of size r = L/n is estimated as n 3 , where n is a natural number. This is proportional to the number of modes whose scale is larger than r. The Lyapunov exponent associated with the smallest eddies can be estimated as the reciprocal of the Kolmogorov time-scale, that is, λ ∼ r −2/3 ∼ n 2/3 . In this way we find
This shows that the number of modes whose Lyapunov exponents do not exceed λ is λ 9/2 .
Therefore, the distribution function P (λ) of the Lyapunov exponents is
It should be noted that this distribution P (λ) does not diverge at λ = 0, in a marked contrast to the case of shell model. In the latter P (λ) has a singularity at λ = 0 like 1/λ. In 8
